Topological Euler Number and Topological Phases in Gapped Fermionic Systems 
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We propose a new topological Euler number to characterize nontrivial topological phases of gapped 
fermionic systems, which originates from the Gauss-Bonnet theorem on the Riemannian structure 
of Bloch states established by the real part of the quantum geometric tensor in momentum space. 
Meanwhile, the imaginary part of the geometric tensor corresponds to the Berry curvature which 
leads to the Chern number characterization. We discuss the topological numbers induced by the 
geometric tensor analytically in a general two-band model, and as an example, we show the quan- 
tum phases of anisotropic XY spin chain in a transverse field can be distinguished by the Euler 
characteristic number and the Z2 number in 1+1 dimensional momentum space, respectively. 
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Introduction. — Since the discovery of the Berry phase 
[Hi Q contained in the quantum state with cyclic adia- 
batic evolutions and the topological Chern number inter- 
pretation for the adiabatic pumping d, |3| and the quan- 
tized Hall conductance 0-01' the geometric and topo- 
logical properties have been playing increasingly impor- 
tant roles in quantum physics. Recently, new topological 
phases described by the Z2 numbers have been found 
in quantum spin Hall effect and in topological insula- 
tors (1 - 11 1 . A significant question is whether there exists 
other quantum numbers to characterize the topological 
phases. In present Lett, we introduce a new topological 
quantum number-Euler number to characterize the topo- 
logical phase of a gapped fermionic ground state, which is 
based on the Gauss-Bonnet theorem on the Riemannian 
structure established by the real part of the quantum 
geometric tensor l^, l3| in momentum space. 

As a Hermitian metric induced on the quantum states 
manifold, the quantum geometric tensor originates from 
defining a local U{1) gauge invariant quantum distance 
between two states in a parameterized Hilbert space. 
This effort results to a Riemannian structure of the quan- 
tum states manifold, and the corresponding Riemannian 
metric is given by the real part of the geometric ten- 
sor. Remarkably, its imaginary part, canceled out in the 
quantum distance, was later found is nothing but the 
Berry curvature. 

The geometric tensor has recently drawn a lot of at- 
tention in characterizing the novel collective behaviors of 
quantum many-body systems in low temperature 14Ml8[. 
As a more general covariant tensor than the Berry cur- 
vature on the Hilbert space geometry, the quantum geo- 
metric tensor defined on the manifold of ground state is 
naturally expected to shed some light on the understand- 
ing of quantum phase transitions in many-body systems 
[19|. Indeed, recent studies have shown that the 

ground state geometric tensor can provide a unified ap- 
proach of the fidelity susceptibility [23l| and the Berry 



curvature to demonstrate the singularity and scaling be- 
haviors exhibited in the vicinity of quantum critical point 



2J-l27| 



On the other hand, the properties of the ground state, 
i.e., some physical response function, can be insensi- 
tive to local perturbations and the system can undergo 
a topological phase transition [28'|, which is beyond the 
Landau's second order phase transitions paradigm with 
the pattern of symmetry breaking and local order pa- 
rameters. One of the best known examples is the integer 
quantum Hall effect, where the Hall conductivity is ex- 
pressed as the first Chern number in the units of /h. To 
our knowledge, the previous studies on the ground state 
geometric tensor are trapped in the local properties, i.e., 
the fidelity susceptibility and the partial derivatives of 
Berry phase, and then only the phase boundaries can be 
witnessed by this approach [29,-i32]. Up to now, how to 
use the geometric tensor to distinguish topological phase 
transitions has not been presented. 

In this Letter, we introduce a Euler number based on 
the quantum geometric tensor in Bloch momentum space 
to characterize nontrivial topological phases of a gapped 
fermionic ground state. We discuss this approach analyt- 
ically in a general two-band model. As an example, we 
show there exists a topological quantum phase transition 
in a transverse field XY spin- 1/2 chain in 1-1-1 dimen- 
sional momentum space. We show the phase diagram 
can be distinguished by the topological Euler character- 
istic number, meanwhile, a nontrivial Z2 number is also 
obtained by the integral of the Berry curvature as the 
imaginary part of the geometric tensor over half of the 
Brillouin zone, which is converted from the first Chern 
number for the time-reversal invariant Bloch Hamilto- 
nian. 

Topological Euler number in momentum space. — To 
begin with, we introduce the notion of quantum ge- 
ometric tensor in Bloch momentum space, which can 
be derived from a gauge invariant distance between 
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two Bloch states on the U{1) line bundle induced 
by the quantum adiabatic evolution of the Bloch 
state \un{k)) of the n-th filled band. The quantum 
distance between two states |u„(fc+5fc)) and [u,„(fc)) 
is given by dS^ = J2^^^,{d^,u^{k) dk'' \dyUn{k) dk""), 
where n, v denote the components k^ and k" , respec- 
tively. The term (fc)) can be decomposed as 

|5/*"„W> = |^/.«„(fc)) + [l-^(^)]|5/*"„W>, where 
"Pnik) = \un{k)) (w„(fc)| is the projection operator and 
\Dfj^u{k)) ~ 'Pn{k)\d^u^{k)'^ is the covariant deriva- 
tive of \un(k)) on the line bundle. Under the condi- 
tion of the quantum adiabatic evolution, the evolution 
of \un{k)) to \un{k + 5k)) will undergo a parallel trans- 
port, then we have = 0. Finally, we can ob- 
tain = E^,.(5^^^„(fc)l [1 - Vnik)] \duu^{k)) dk'^dk-. 
The quantum geometric tensor is given by 

Q^. = (S^W„(fc)| [1 - Vn{k)] \d^U„{k)) . (1) 

The geometric tensor can be rewritten as = Q^^v — 
i^ij.vl'i, where Q^i, =Re(5^iy can be verified Rie- 
mannian metric, or called the Fubini- Study metric, 
which establishes a Riemannian manifold of the Bloch 
states, and then the quantum distance can be writ- 
ten as dS'^ = J2fj.v^^Qp-'^'^^'^'^^^- "^^^ term J^^y = 
— 2Im(5^i, is canceled out in the summation of the 
distance due to its antisymmetry, but can associate 
to a 2-form T = ^ ^, ^vdk^^ A dk^ , which is noth- 
ing but the Berry curvature. The geometric tensor is 
also a local response function of the Bloch state, we 
find that the Q^v can be associated to a distance re- 
sponse as limAfc^o (A5/Afc)^ = Y.^.,v Of^M"" O dkk 
which is just the concept of fidelity susceptibility, and 
J^^i, can be associated to a phase response function as 

lim^^O (l*0(fc))Final ' l*o(fc))i„iti,i) |*o(fc))r„Hial = 

^ Tf^iydkk^ A dkk" , where a is the area element en- 
closed by a cyclic path in the momentum space. 

Now we consider the topological properties of the 
geometric tensor in momentum space. Note that the 
Brillouin zone has the topology of torus if we take 
the periodic gauge \un{k)) = e^'^"^ \un{k + G)), and 
then the ground state satisfies 1^" (fc)) = \'^{k + G)), 
where G is the reciprocal lattice vector. Without loss 
of generality, we consider a gapped fermionic Hamilto- 
nian in 2D momentum space, where the unique Bloch 
state \un{k)) forms a U (1) line bundle on a torus T'^ 
formed by the 2D Brillouin zone. The corresponding 
Berry curvature J"",^ for the Bloch state \un{k)) is given 
by J^;:, = -2lm{d^ujk)\ [1 - {un{k)\] \d.u^{k)). 

The topological invariant on the f/ (1) line bundle of all 
occupied bands is the first Chern number 

^^^1 = ^1^ :F]l.dk^dkr (2) 

What is more interesting is that there exists another 
topological invariant — the Euler characteristic number. 



which originates from the Gauss-Bonnet theorem on the 
2D closed manifold established by the Riemannian met- 
ric for the Bloch state \un{k)). The theorem state 
that the number x {M.^) '■= ^ Jj^2 ICdA is a topological 
invariant named Euler characteristic number and equals 
to 2 (1 — g) with genus g for a closed smooth manifold, 
where /C is the Gauss curvature and dA is the clement of 
area of the surface. In two dimensions, the Euler number 
of all occupied bands can be calculated using the metric 
QJ^^ as follows 

^ = ^ E /j^ ^" Vdet {gji,)dk^dk-', (3) 

where the TZ"' is the Ricci scalar curvature accoci- 
ate to the Bloch state |M„(fc)) and here the metric 
g;', =Rc{d^uJk)\[l-\u^{k)){uJk)\]\d,,uJk)). The 
Ricci scalar curvatiire TZ can be calculated by following 
standard steps: TZ — G'^^'Rab, and Rab = Racb' where 
the Riemannian curvature tensor Rf^^ — ShPf^ — daTf^ + 
^ac^be ~ ^bc^aei ^ud thc Lcvi-Civita conection F^^ can 
be calculated by F»^ = ^g<"^ {dbGdc + d^Gbd - ddGcb)- 

Results in two-band model. — Here let us consider a ID 
translational invariant fermionic system with two bands 
separated by a finite gap. The Hamiltonian can be writ- 
ten as H = Em^gat^L'^;,'' where = (c|',c;'^ 
denotes a pair of fermionic creation and annihilation op- 
errators on the sites / and I', T-Li^v is a 2 x 2 Hcrmitian 
matrix, and the periodic boundary condition (PBC) has 
been imposed. In spite of its simplicity, this model has 
a wide range of applications, such as the Bogoliubov-de 
Gennes Hamiltonian in superconductivity and graphite 
systems. 

In order to obtain an appropriate definition of geo- 
metric tensor to describe the ground state of the system 
in a 2D manifold, we can perform the system a local 
U (1) gauge transformation with H{(p) = g{ip)Hg{ip)^ by 

a time-depended twist operator g{Lp) = Y^^^J'^e^'^'^^^^^'^^ , 
and here f {t) is a real function of time t. Note 
that there exists the terms of cjcj, and ciCf in the 
Hamiltonian so we have [g{ip),H] ^ which en- 
sure this operation is nontrivial. Meanwhile, this op- 
eration does not change the system's energy spectrum, 
but endows the system with the topology of a torus in 
(1-|-1)-D momentum space. After the Fomiur transfor- 
mation Q = ^ Efe e**^'afc and c] = ^J2k e'^'^^al 
the Hamiltonian H{ip) is transformed into H{(p) = 

EfceBz*I,<^^(^>'P)*fc,'^> where = (afe,^,alfe J . 
The Hamiltonian 'H{k,(p) can be generally written as 
'H{k,(fi) = e{k)hx2 + J2lt=ida{k,(f)a", where hx2 is 
the 2x2 identity matrix and cr" are the three Pauli 

matrices, represent the pseudo-spin degree of freedom. 
The energy spectrum is readily to obtained as E±{k) = 

e{k) ± ^^0=1 "^01 ^'^'-^ corresponding eigen- 
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vector is 



^2d{dTd3 



di — id2 
±d-d3 



where d = y (^i V')- The HamUtonian can 

be diagonalized as H{(p) = J^keBz ^+i^)'^k,ip'^k,<p + 
E^{k)(3l Bk^ip, where the quasi-particle operators 



it. 



ak,ip = [u ((/?, k)^] ^k,ip and ^fc,^ = [u {ip, k)_\ ' ^k,ip- 

The ground state \GS) is the filled fermion sea \GS) — 
rifceBz/^L that if ^(0) - and ^ (T) = tt, 

then we have i?(0) = H{T) and if we adopt the peri- 



spectrum. Meanwhile, we assume (0) = 0, <y9 (T) = tt 
and we have i/s(0) = H^{T) and if we adopt the pe- 
(4) riodic gauge |u„ (A:)) = e*''' |u„ (fc + G)), G is the re- 
ciprocal lattice vector. Then the system has a topol- 
ogy of torus in the (l-l-l)-D Bloch momentum space. 
After the standard calculation steps, we can transform 
the spin Hamiltonian into a free fermion Hamil- 
tonian as H{k,Lp) = e{(p,k)hx2 + J2l=i '^a {ifi, k) a" , 
where e {^p, k) — 0, di {ip, k) — ^7 sin k sin 2(/3, ^2 {f, k) = 
^7 sin fc cos 2iy9, and d'i [ip,k) — —\ {h -\- cos k) . Here the 
Riemannian metric is given by 



odic gauge |u„ (fc)} 



In {k + G)), G is the recip- 



rocal lattice vector. Then the system has a topology of 
torus in the (l-l-l)-D momentum space. There exists a 
quantum geometric tensor Qkip induced on the momen- 
tum space Qkip = [1 — (u-l] More 
specifically, substituting Eq. Q into the Berry curva- 
ture J'fci^ = -2Im(5fcy = (9feW_|9yM_)-(9yM_|9fcU_), we 



can verify the relation that J-kip 



d ■ dhd X d^d 



kip 



d denotes the unit vector d/d. The Riemannian met- 
ric Qk,p =ReQkp = \{dkU-\d^pU^) + \{d^pU^\dkU-) 
— {dkU-\u-){u-\dcpU-). The calculation of Gkp is te- 
dious, but we find that there exists a correspondence 



relation as det Q = 



d ■ dhd X duid 



/4, and then we 



have det ~ -7^/2, Finally, we can calculate the Euler 
number as follows 



R\ d ■ dkd X 



1 

16^ 



and the first Chern number 



d^dtj dkdip, 



Chi 



d X d^d\ dkdip 



(5) 



(6) 



XY spin chain in (1+1)-D momentum space. — Here 
we choose an anisotropic XY spin- 1/2 chain in a 
transverse magnetic field as an example, the sys- 
tem is given by the following Hamiltonian — 



- (1 — 7) s^sf^-^^+hsf, where N is 



the total sites of the spin chain, 7 is the anisotropy pa- 
rameter in the in-plane interaction and h is the transverse 
magnetic field. It is well known that the system under- 
goes a transition from a paramagnetic to a ferromagnetic 
phase at /i = ±1, which belongs to the universality class 
of the transverse Ising model. The ferromagnetic order in 
the XY plane is in the a;-direction (y-direction) if 7 > 
( 7 < 0) and I ft. I < 1. Now we perform the system a 
local gauge transformation Hs{ip) ~ g{ip)Hsg{ip)^ by a 
time-depended twist operator g{tp) = Y[i e*''''^*-'*' , which 
in fact make the system a rotation on the spin along the z- 
direction, we have g{(f)sfg{ipy — sf cos ip (t) — sf sin (p (t) 
and g{Lp)sf g{ip)^ = sj cos(^ {t) + sf sunp (t). This extends 
the Hamiltonian into 1-f ID without changing its energy 



~ 4 I 



7^(l+/icosfc)^ 






27^ sin" fc 



{h+cos ky^+1^ sin" k 



(7) 

and then we can obtain the Ricci scalar i? = 8 by the 
standard procedures. Finally, the Euler number is given 
by 



d ■ dhd X dAyd 



d3 



dkdip 



7'' (1 + ft. cos fc)^ sin^ k 



rdk. 



^ ^(ft + cosfc)^ +72sin2fc 



(8) 



In Fig. ([T]), we show the properties of the Berry curvature 
and the metric tensor in the vicinity of quantum critical 
points. As expected, both the Berry curvature and met- 
ric tensor exhibit singularity around the phase transition 
points, but as a local quantity, neither of them can serve 
as a topological order to characterize a topological phase. 
As shown in Fig. ([2|), the ferromagnetic ordered phase in 
the XY spin chain exhibits a nontrivial even Euler num- 
ber X = 2, and the Euler number declines rapidly from 
2 to in the paramagnetic phase. Note that the system 
is time reversal invariant, so the Berry curvature J-k,p is 
odd with fc, and the first Chern number, as the integral 
of the Berry curvature J-k^ in the Brillouin zone, is equal 
to zero. It is clear that the Chern number is not a ap- 
propriate topological number for this case. However, we 
can get a non trivial Z2 number by the integral of Berry 




FIG. 1: (color online) (a) The gauge invariant y^g as a func- 
tion of k and h ; (b) The Berry curvature J^kip as a function 
of k and h. 
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FIG. 2: (color online) The Euler number as a characterization 
of the phase diagram of a transverse field XY spin chain as a 
function of the transverse field h and the anisotropy parame- 
ter 7. 



notice that the similar results of the Z2 number in the 
ID spin chain systems have been discussed by Volovik 
[33! and Kitaev in different approaches, respectively. 

Conclusion. — We have introduced the Euler charac- 
teristic number as a new topological quantum number to 
distinguish the topological phase transitions in gapped 
fermionic systems. In particular, we show the phase dia- 
gram of a transverse field XY spin chain can be character- 
ized by the Euler numbers in (l-l-l)-D momentum space. 
Meanwhile, the Z2 number, as another topological in- 
variant, appears from the integral of the Berry curvature 
over the half Brillouin zone. We show that it is the Eu- 
ler number instead of the Chern number as an effective 
characterization to the nontrivial topological phases in 
the time-reversal invariant systems. This approach pro- 
vides a complete description on the topological nature of 
the ground state in gapped fermionic systems. We hope 
that current work will add new excitement to the un- 
derstanding of topological nature of the ground state in 
quantum condensed matter systems. 
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FIG. 3: (color online) The Z2 number, calculated as the inte- 
gral of the Berry curvature over half of the Brillouin zone, as 
a function of h and 7. 



curvature Tkip over half of the Brillouin zone, we have 
1 r . r 72(H-/icosfc)sinfc 



Z2 = -z- dip 

^Tl" Jo JO 



[h + cos k) + 7^ sin^ k 



3/2 



1, if 0<|/i|<l; 
0, otherwise. 



dk 



(9) 



The Z2 number is shown in Fig. ([3]). The results can be 
understood in an intuitional picture that the monopole in 
the parameter d (k, (/3)-space lies at the length d (fc, ip) — 
0, and only if < \h\ < 1, then the monopole is enclosed 
by the surface, and the ground state in momentum space 
of the XY spin chain can be divided into two topological 
nonequivalent phases at the critical point h = I. We 
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